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terference effects as a cause for the stepwise variation of initial
instability frequency with jet exit velocity.
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inner edge for the annular cap are assumed. Two criteria,
namely, a sudden jump3 in the average deflection response
and the point of inflection8 in the load vs maximum average
deflection curve, are used to estimate the dynamic buckling
loads. The influence of foundation stiffness, orthotropy, and
annular ratio on the dynamic buckling load of immovably
clamped and simply supported shallow spherical caps is in-
vestigated, and typical results are presented.

Mathematical Analysis
The geometry of a shallow spherical shell on a Winkler-

Pasternak elastic foundation is shown in Fig. 1, in which a
and b are outer and inner radii, h is the thickness of the
shell, K and G are foundation stiffnesses, and w and u are
normal and meridional deflections, respectively. Considering
the cylindrically orthotropic material whose elastic axis of
orthotropy coincides with the axis of symmetry of the
shallow spherical shell of constant curvature K*, the govern-
ing partial differential equation of motion and compatibility
condition in terms of dimensionless normal deflection w and
stress function $ for a thin shallow spherical shell supported
by a Winkler-Pasternak elastic foundation and undergoing
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Fig. 1 Geometry of a shallow annular spherical cap on elastic
foundation.

Introduction

THE buckling of isotropic shallow spherical shells has been
the subject of extensive studies.1'13 There are few in-

vestigations14'15 dealing with the dynamic buckling of or-
thotropic shallow spherical shells. In these studies the effect of
interaction with the supporting elastic media on the dynamic
buckling of spherical caps has not been considered. The
dynamic response of isotropic shallow spherical shells sup-
ported on a Winkler-Pasternak elastic foundation has been in-
vestigated recently.16 The studies of the dynamic buckling of
orthotropic shallow spherical shells with or without holes in-
teracting with supporting elastic media are not available in the
literature and are dealt with for the first time in this paper.

Von Karman-Marguerre-type governing nonlinear partial
differential equations for the orthotropic spherical caps on a
Winkler-Pasternak17 elastic foundation are employed; they
are linearized using the quadratic extrapolation technique and
solved iteratively using the Chebyshev series and Houbolt
schemes for the space and time domains respectively.14'16 The
conditions of finiteness at the center for the full cap and free
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Fig. 2 Variation of dynamic buckling load Pcr of spherical caps
with Winkler stiffness K.
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Fig. 3 Variation of dynamic buckling load PcY of
spherical caps with Pasternak shear stiffness G.
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moderately large dynamic deformation can be expressed as
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Fig. 4 Variation of dynamic buckling load Pcr of spherical caps
with annular ratio b/a.

(2)

where superscripts ( ) ' and ( • ) are derivatives with respect
to p and r respectively. The nondimensional and physical
quantities are related through the following relations:
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Fig. 5 Variation of dynamic buckling load Pcr of spherical caps
with orthotropy ft.
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The boundary conditions are

At p = 0:

w' — \l/ - 0 for full shell

w" +vw' =\l/ = 0 for annular shell

' —v\j/ = Q for clamped edge

(3)

(4)

(5)

for simply supported edge (6)

The initial conditions are assumed that at r = 0, w(p,0)
= w(p,0) = 0. The nondimensional average deflection
(characteristic deflection) is defined as

At p = l:

w=w' =

w=

W= (7)

buckling load Pcr is more for the simply supported shell than
for the clamped shell for 5^G<;185. It is noted that an in-
crease in the buckling load with Pasternak shear stiffness G
is significant for all values of the shell geometric parameter X
considered in the present study.

The effect of hole size (b/a) on the dynamic buckling load
of orthotropic spherical caps supported on a Winkler-
Pasternak elastic foundation has been investigated, and the
results are shown in Fig. 4 for 0 = 0.5, #=100, G = 50, and
X = 7, 16, and 25. It can be observed that the buckling load
Pcr decreases initially and increases finally with an increase
of the annular ratio b/a.

The variation of the dynamic buckling load Pcr with the
orthotropic parameter 0 for the clamped spherical caps with
and without holes (b_/a = Q and V*) on a Winkler-Pasternak
elastic foundation (£=100, G = 50) is plotted in Fig. 5 for
shell geometric parameter X = 7, 16, and 25. It is clear from
the results that the buckling load decreases with an increase
of the orthotropic parameter. It can be observed that the
buckling loads for orthotropic shells for 0 < 1 are higher than
the buckling load of isotropic shells (0=1.0). The rate of
change of Pcr with orthotropy is less for 0> 1 than for 0< 1.

Equations (1) and (2), along with the appropriate boundary
and initial conditions, are solved iteratively, employing the
Chebyshev series and Houbolt time marching techniques.14'16

The iterations are continued until w(0,r), ^ '(O,?-), and
\l/' ( l , r ) satisfy a relative convergence criteria within 0.1%
accuracy.

Results and Discussion
The space and time wise convergence studies have revealed

that 15 terms in the Chebyshev series for functions w and $
and time step AT = 0.002 yield quite accurate results for the
range of parameters A, /3, K, G, and b/a considered in the
present study. Adopting the dynamic buckling criteria sug-
gested by Budiansky and Roth3 and Stephens and Fulton,8

the nonlinear axisymmetric dynamic buckling of cylindrical^
orthotropic shallow spherical caps with and without holes
has been studied under uniformly distributed step function
loading. The influence of Winkler stiffness K, Pasternak
shear stiffness G, orthotropy /3, and annular ratio b/a on the
dynamic buckling load of shallow spherical caps is in-
vestigated for several values of shell geometric param-
eter X. Results have been compared with available re-
sults5'7'8'11'14'15 for isotroic and orthotropic shallow spherical
shells, and it is observed that the present results are in close
agreement with the results reported by some of the resear-
chers and fall within close range of the results reported by
the others. For the sake of brevity, these are not presented
here.

The variation of the dynamic buckling load Pcr with the
Winkler stiffness parameter K for the clamped orthotropic
annular spherical shells is depicted in Fig. 2 for b/a = 0 and
1/3, 0 = 0.5 and 1.0, and X = 7, 16, and 25. It can be noted
that the higher the value of K the higher the buckling load.
The increase in the value of Pcr is more for the orthotropic
shells (/3<n.O) as compared to the corresponding isotropic
shells ((3=1.0). It can also be seen that there is a little in-
crease in the buckling loads of spherical shells for X= 16 and
25 with an increase of K, but there is a significant increase in
the snap-through loads of spherical shells for X = 7.

The variation of the dynamic buckling load Pcr with the
Pasternak shear stiffness G for the clamped and simply or-
thotropic annular spherical caps is shown in Fig. 3 for
6/0 = 0 and 1/3, 0 = 0.5, A> 100, and X = 7, 16, and 25. It can
be seen that the buckling load Pcr increases with an increase
in the value of G for both the clamped and simply supported
spherical shells and that Pcr for X = 7 is greater than for
A =16 and 25 for all values of G considered. In the case of
annular shells, it is interesting to note that for X = 7, the

Conclusions
The dynamic buckling of clamped and simply supported

cylindrically orthotropic shallow spherical shells with and
without holes supported by a Winkler-Pasternak elastic
foundation and subjected to step loading has been studied.
The influence of foundation stiffness, hole size, and ortho-
tropy on the dynamic buckling load has been investigated. It
can be concluded from the study that the buckling loads are
higher for larger values of foundation stiffness, lower value
of orthotropy, and larger annular ratio. Also, the buckling
loads of spherical caps having a very small ratio of inner to
outer radii are lesser than the buckling loads of spherical
caps without holes.
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